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Lecture 3: Introduction to search theory

Search (and matching) theory is a vast area and we will not do justice to it here. This is just

an introduction. Most applications involve monetary theory and labour markets. Important

readings include Pissarides (2000), Kiyotaki and Wright (1989), and Lagos and Wright (2005).

1 Job search with an exogenous wage distribution

See also Ljungqvist and Sargent (2000), pages 85-93 or Sargent (1987), pages 65-70.

An individual maximizes

E

[
∞∑
t=0

βtu(yt)

]
where

yt =

{
w if employed at wage w

b if unemployed.

We will assume u(y) = y; what is the interpretation?

In each period, a wage offer arrives and the individual chooses whether to accept or reject.

Suppose offers are i.i.d. with distribution function F . Suppose the mean exists;

E[w] =

∫ ∞

0

wdF (w).
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(Notice the Riemann-Stieltjes integral.)

Let’s assume jobs last forever; this amounts to assuming that if the current offer of w is accepted,

then the same offer will arrive next period.

Apparently the value v(w) of having the offer w in your hand (with the option of accepting or

rejecting it) is characterized by the following Bellman’s functional equation.

v(w) = max

{
w + βv(w), b+ β

∫ ∞

0

v(s)dF (s)

}
.

Since the second alternative is a constant and since v(w) is (obviously?) increasing, there

presumably exists an R such that the offer w is accepted iff w ≥ R. Our job now is to

characterize the reservation wage as explicitly as possible.

Apparently if an offer is accepted once, it will be accepted again and again thereafter. It follows

that

v(R) =
R

1− β

We also have

v(R) = b+ β

∫ ∞

0

v(s)dF (s).

We may conclude that

R = (1− β)b+ β(1− β)

∫ ∞

0

v(s)dF (s).

Meanwhile, by definition of R, we have

v(w) =


R

1− β
for w < R

w

1− β
for w ≥ R.

The grand conclusion is that

R = (1− β)b+ β

∫ ∞

0

max{w,R}dF (w).

An alternative equation, derived using integration by parts, is

R = b+
β

1− β

∫ ∞

R

[1− F (w)]dw.
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1.1 Integration by parts

Proposition 1 Suppose F and G are differentiable functions on [a, b], and that F ′ = f and

G′ = g are Riemann integrable on [a, b] . Then

b∫
a

F (x) g (x) dx = F (b)G (b)− F (a)G (a)−
b∫

a

f (x)G (x) dx. (1)

Proposition 2 Let f be Riemann-Stieltjes integrable with respect to g over [a, b]. Then g is

Riemann-Stieltjes integrable with respect to f over [a, b] and

b∫
a

f dg +

b∫
a

g df = f(b) g(b)− f(a) g(a). (2)

Example 1 Suppose F is a distribution function. (What does that mean?) Suppose also that

F (T ) = 1. Then
T∫
0

xdF (x) =

T∫
0

[1− F (x)] dx.

2 An island model

This is a model of frictional unemployment.

See Ljungqvist and Sargent (2000), pages 570-575. The treatment there is simpler than that

of Lucas and Prescott (1974) in that shocks come from a finite set rather than a continuum.

Here we will follow an exercise in Ljungqvist and Sargent (2000) and simplify further: we will

suppose that there are just two possible shock values.

• There is a “large” number of islands. By “large” we mean that a law of large numbers

holds. The total “mass” of islands is one.

• The population is constant and is normalized to 1.
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• On each island i there is a production technology given by

y(i) = θ(i)f(n(i))

where θ(i) ∈ {θL, θH} is an island-specific productivity shock and n is employment on

the island. We assume θL ≤ θH and that f is strictly increasing and strictly concave.

• θt(i) on each island follows a Markov chain. The probability of staying in last period’s

state is 0.5 ≤ π < 1.

• At the beginning of each period, inhabitants of each island observe the current produc-

tivity. They then choose whether to stay or to move.

– If they stay, they supply one unit of labour and get the current MPL, i.e.

w = θf ′(n).

The period after, they will wake up in the same island as before.

– If they leave, they will get nothing in the current period. (Think of this as being

on a boat going between islands.) In the next period, they will wake up on a new

island. They can choose now what island to move to, knowing the current realization

of shocks but not the realization of the shock in the period of arrival.

• Individuals maximize

E

[
∞∑
t=0

βtwt

]
where wt is income in period t.

We now want to characterize a stationary equilibrium. In particular, we want to characterize

one (if there is one) with mobility. Given persistence of θ, this would involve some people

moving from the low–productivity islands to the high–productivity islands in every period; in

particular, people would move from an island that was previously high–productivity but just

became low–productivity.

Denote equilibrium employment on an island with beginning–of–period population x and pro-

ductivity θ by n(x, θ). Denote the value of getting on a boat heading for your favourite island
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by vu. Let the value of being born on an island with population x and productivity θ be denoted

by v(x, θ). Apparently this function satisfies Bellman’s functional equation.

v(x, θ) = max{θf ′(n(x, θ)) + βE[v(x′, θ′)|θ, x], vu}

Now let’s try to say something intelligent about n(x, θ) and v(x, θ). There are three possibilities

to consider.

• x is so high and θ so low that people will be emigrating and no one will be immigrating.

Then x′ = n(x, θ) and the movers get the same value as the stayers, i.e.

vu = θf ′(x′) + βE[v(θ′, x′)|θ].

Following Ljungqvist and Sargent (2000), we define x+(θ) as whatever satisfies this equa-

tion for x′ given vu and v(x, θ).

• x is so low and θ so high that people will be immigrating and no one will be emigrating.

Then n(x, θ) = x. The value of getting into a boat just is the value of heading towards

our island, i.e.

vu = 0 + βE[v(x′, θ′)|θ].

We define x−(θ) as whatever satisfies this equation for x′ given vu and v(x, θ).

• No one immigrates and no one emigrates. Then n(x, θ) = x. This happens if x−(θ) ≤ x ≤ x+(θ).

What will happen in the long run?

Consider a given island with initial population x > x+(θL). Sooner or later productivity will

be θL. Then population will fall to x+(θL). On the other hand, suppose x < x−(xH). Sooner

or later the productivity will be θH , and then population will rise to x−(θH).

Now suppose x+(θL) < x−(θH).
1 Then any x will satisfy either x > x+(θL) or x < x−(xH). So

sooner or later, the population of every island will be either x+(θL) or x
−(θH).

In particular, the high–productivity islands will have population x−(θH) (call this xH) and the

low productivity islands will have population x+(θL) (call this number xL). At the beginning of

a period (before moving decisions are made), everyone is on some island so that 1
2
xH+ 1

2
xL = 1.

1Otherwise, there is no unique stationary state. One presumes that the condition will be satisfied if β, θH/θL
and π are suffiently large; see below for a precise condition.
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Given this fact, the function v(x, θ) does not have to be completely determined to find the

steady state. All we need to know is vHL = v(xH , θL), vLH = v(xL, θH), vHH = v(xH , θH) and

vLL = v(xL, θL). Apparently (why?) vLL = vHL so we will call both of them vL.

We now want to determine xL, xH , vL, vLH , vHH , vu and the unemployment rate u, and we

will write down seven equations determining these seven unknowns.

1

2
xH +

1

2
xL = 1 (3)

u =
1

2
(1− π)(xH − xL) (4)

vu = β[π vHH + (1− π)vL] (5)

vHH = θHf
′(xH) + β[π vHH + (1− π)vL] (6)

vLH = θHf
′(xL) + β[π vHH + (1− π)vL] (7)

vL = θLf
′(xL) + β[π vL + (1− π)vLH ] (8)

vL = vu (9)

A stationary equilibrium with mobility exists if

β(2π − 1)
θH
θL

> 1.

Establishing this condition is an exercise in Ljungqvist and Sargent (2000). Let’s do it! We

will help ourselves to the result that, in a stationary equilibrium with mobility,

[θL + β(1− π)θH ]f
′(xL) = βπθHf

′(xH). (10)

What we want to show is that x+(θL) < x−(θH); with the notation we have adopted this means

xH > xL. Because of diminishing returns, this is equivalent to

f ′(xH) < f ′(xL).

By (10), this is equivalent to

[θL + β(1− π)θH ] < βπθH

and the result follows.
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3 The Shapiro–Stiglitz model

Here we consider the model in Shapiro and Stiglitz (1984). That paper is inspired by Karl

Marx’ concept of the “industrial reserve army”, i.e. the idea that unemployment is created by

capitalists in order to keep workers in check. According to Marx, the presence of a reserve

army means that capitalists can credibly threaten to fire a worker who fails to perform. The

Shapiro–Stiglitz model formalizes this idea.

• Time is continuous.

• There is a fixed number N of identical workers. Their objective function is given by

E

∞∫
0

e−rt(w(t)− e(t)) dt


where w(t) is interpreted as income and e(t) is the effort exerted.

• When a person is working, she can choose either to exert effort (e(t) = e > 0) or not

(e(t) = 0). The latter behaviour is called shirking.

• When unemployed, a person receives an unemployment benefit of w and exerts no effort.

• When employed, unemployment arrives with Poisson intensity b for exogenous reasons.

• If a person shirks, discovery arrives with Poisson intensity q. A person caught shirking is

fired.

• When unemployed, job offers arrive with Poisson intensity a.

• Aggregate employment is denoted by L.

• Employers maximize F (L)− wL at each instant.

We now want to characterize the equilibrium. L, a and w will be endogenous. But the model

is stationary, so they will be independent of time.

We want to analyze when a worker chooses to shirk, and for that purpose we will try to figure

out what the lifetime (expected) utility is of someone who is currently a shirker and a hard
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worker, respectively. Denote them by V S
E and V N

E . Let the lifetime (expected) utility of a

currently unemployed person be denoted by Vu.

Denote by τ the instant when the person loses her job for any reason. Apparently

V S
E = E

 τ∫
0

e−rtw dt+ e−rτVu.


where τ is exponentially distributed with parameter b+ q. Evaluating the integral, we get

V S
E = E

[w
r
(1− e−rτ ) + e−rτVu

]
=

w

r
+
[
Vu −

w

r

]
E
[
e−rτ

]
=

=
w

r
+
[
Vu −

w

r

] ∞∫
0

(b+ q) e−(b+q)t e−rt dt =
w

r
+
[
Vu −

w

r

] b+ q

b+ q + r
=

=
b+ q

b+ q + r
Vu +

w

b+ q + r
.

Meanwhile, using a similar argument, we find that

V N
E =

b

b+ r
Vu +

w − e

b+ r
.

The no–shirking–condition, of course, is V N
E ≥ V S

E and becomes

w ≥ rVu +
b+ q + r

q
e.

Denoting by ŵ the wage that just satisfies this condition, it is clear that employers will certainly

not pay less than ŵ.

It remains to determine Vu in the context of an economy where no one shirks. In such an

economy we write VE = V N
E . Apparently

Vu = E

 τ∫
0

e−rtw dt+ e−rτVE

 =
w

a+ r
+

a

a+ r
VE.

Solving simultaneously for VE and Vu, we get

Vu =
(b+ r)w + a(w − e)

r(a+ b+ r)
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and

VE =
bw + (a+ r)(w − e)

r(a+ b+ r)
.

Since we now have an expression for Vu, we can now rewrite the no–shirking–condition (NSC)

as

w ≥ w +
a+ b+ r + q

q
e.

It remains to determine w and a. In a steady state, where employment is constant, we must

have inflow=outflow so that

bL = a(N − L).

Thus

a = b
L

N − L
.

Substituting this into the NSC, we get

w ≥ w +
b/u+ r + q

q
e = ŵ.

where

u =
N − L

N
.

It is immediately clear from this condition that full employment is inconsistent with no shirking.

The equilibrium wage and employment level are determined by

F ′(L) = w

and

w = ŵ.

Geometrically, the equilibrium is the intersection of a labour demand curve with the NSC

condition.

4 Matching and unemployment

What follows is a version of Mortensen and Pissarides (1994). At any point in time, there are

v vacancies and u job-seekers. In a frictionless labour market, min{u, v} would be hired. In a
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less well-oiled environment, the number of “matches” is given by a function M(u, v). Natural

properties of such a function are the following, which should hold for all u, v such that u ≥ 0

and v ≥ 0.

M(u, v) ≥ 0

∂M(u, v)

∂u
> 0.

∂M(u, v)

∂v
> 0.

M(u, v) ≤ u.

M(u, v) ≤ v.

M(λu, λv) = λM(u, v)

for any λ > 0. One possibility, proposed by Petrongolo and Pissarides (2001), satisfies these

conditions:

M(u, v) = u (1− exp(−ηv/u)) .

An obvious alternative, which also satisfies the conditions, is

M(u, v) = v (1− exp(−ηu/v)) .

Another is

M(u, v) = [u−γ + v−γ]−1/γ.

Yet another is

M(u, v) =
uv

(uγ + vγ)1/γ

Strangely, the most common specification is one that violates these conditions:

M(u, v) = Auαv1−α.

In my opinion, this specification makes more sense in continuous time than in discrete time.

In continuous time, M(u, v) would be the rate of arrival (the “λ” of a Poisson process) of job

offers, and that rate can be any positive number without violating the principle that there are

more matches than vacancies and job-seekers.

The labour market “tightness” is defined via θ := v/u. The probability of filling a vacancy is

q := M/v. With constant returns to scale, q is in fact a function of tightness alone.

q(θ) =
M(u, v)

v
= M(1/θ, 1).
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Similarly the probability of an unemployed worker becoming employed is a function of θ alone:

M(u, v)

u
= M(1, θ) = θq(θ).

4.1 Competitive search

Moen (1997).
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Appendix: The Poisson process

Definition. A random variable X is said to be Poisson distributed with parameter λ if

P(X = k) = e−λλ
k

k!
.

This definition is motivated by the following limit operation. Consider a time interval [0, 1]. It

is subdivided into n subintervals of length ∆t = 1/n. Thus

[0, 1] = [0, 1/n) ∪ [1/n, 2/n) ∪ . . . ∪ [(n− 1)/n, 1].

For each k = 0, 1, . . . , n − 1 and associated subinterval [k/n, (k + 1)/n), there is a Bernoulli

random variable Bk with success probability p. These random variables are independent. Define

N =
n−1∑
k=0

Bk.

Since N is the sum of n independent Bernoulli random variables, it is binomially distributed,

i.e.

P[N = k] =

(
n

k

)
pk(1− p)n−k =

n · (n− 1) · · · (n− k + 1)

1 · 2 · · · k
pk(1− p)n−k

Apparently (though this is painful to prove)

E[N ] = np.

Now let n → ∞ and p → 0 in such a way that np = λ is constant. If λ = np, then

P[N = k] =
n · (n− 1) · · · (n− k + 1)

k!
(λ/n)k(1− λ/n)n−k.

Regrouping the factors, we get

P[N = k] =

(
n

n
· n− 1

n
· · · n− k + 1

n

)
· λ

k

k!
· (1− λ/n)n−k.

Taking the limit as n → ∞, the first factor tends to 1 and the final factor tends to e−λ.
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Definition. A stochastic process N(t) is said to be an {Ft}-Poisson process with intensity λ

if {Ft} is a filtration and

1. N(t) is piecewise constant and right-continuous with probability 1.

2. N(0) = 0 and, with probability 1, ∆N(t) = 0 or 1 for all t ≥ 0. ∆N(t) is defined via

∆N(t) = N(t)− lim
s↑t

N(s).

3. For all s ≤ t, N(t)−N(s) is independent of Fs.

4. N(t)−N(s) is Poisson distributed with parameter λ(t− s).

5. N(t) is {Ft}-adapted.

Proposition. Let N be a {Ft}-Poisson process. Then M is an {Ft}-martingale if M is defined

via

M(t) = N(t)− λt.
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