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Lecture 5: Introduction to computation, part II

1 Solving the stochastic growth model by discretization

Suppose a social planner maximizes

E

[
∞∑
t=0

βt ln ct

]
subject to

ct + kt+1 = (1− δ)kt + Aztk
θ
t

k0 > 0 given and kt+1 ≥ 0. There is also a further constraint which says that the choice of ct

and kt+1 should be based on information about the realizations of zs for s = 0, 1, . . . , t. They

are not allowed to anticipate the future.

If δ = 1 then you should know the solution to this problem. It can be represented via

kt+1 = βθAztk
θ
t .

But what if δ < 1? Then there are many ways to proceed. We will pursue one here. It is

based on Bellman’s principle of optimality, which says the following (ignoring some crucial

mathematical subtleties). If zt is a time-homogeneous Markov process (relative to its natural

filtration) with probability transition function Q and if the function v : R2
+ → R satisfies

v(k, z) = sup
k′≥0

{
ln(Azkθ + (1− δ)k − k′) + β

∫
R+

v(k′, z′)Q(z, dz′)

}
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for all k > 0 and the sequence {kt}∞t=1 satisfies

v(kt) = ln
(
Akθ

t + (1− δ)kt − kt+1

)
+ βE[v(kt+1)|zt]

for all t = 0, 1, . . . then {kt}∞t=1 is optimal.

Now let’s suppose that zt lives on a finite set Z = {z1, z2, . . . , zm} and has transition probability

matrix Γ. What this means is that the probability of zt+1 = zj given that zt = zi is Γi,j. Thus

the rows of Γ must sum to one. (This is the opposite convention relative to my notes on Markov

chains.) For tips on how to approximate an AR(1) process by a finite-state Markov chain, see

Galindev and Lkhagvasuren (2010) or Rouwenhorst (1995) or Kopecky and Suen (2010).

What we will do now is to force kt to belong to a fixed finite set as well.

The next step is to create a grid of values of k. Let there be n points in this grid and denote

them by k1, k2, . . ., kn. (These superscripts are not powers.)

1.1 Scalar by scalar

If kt is confined to the grid, then we have a new, constrained problem. The Bellman equation

associated with that new problem is

v(ki, zj) = max
1≤ℓ≤n

{ln(Azj(ki)θ + (1− δ)ki − kℓ) + β
m∑
r=1

Γj,rv(k
ℓ, zr)}

for i = 1, 2, . . . , n.

To find the value function (and hence the decision rule), we proceed as follows. Start with a

guess of the value function consisting of its values at the grid points. Denote them by v0(k
i, zj)

for i = 1, 2, . . . , n and j = 1, 2, . . . ,m. Now you may want to be more or less sophisticated

about your choice of initial guess. Any initial guess is guaranteed to work, but the question

is how quickly you will find an approximate solution. One possible, but not very intelligent

guess is zero, v0(k
i, zj) = 0 for all i and j. Anyhow, let’s talk about how to update the guess

to something better. Inspired by Bellman’s equation, and denoting the updated value function

by v1, let

v1(k
i, zj) = max

1≤ℓ≤n
{ln(Azj(ki)θ + (1− δ)ki − kℓ) + β

m∑
r=1

Γj,rv0(k
ℓ, zr)} (1)

for i = 1, 2, . . . , n.
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1.2 Vectorizing

We begin by defining the vectors k = (k1 k2 k3 . . . kn)T and z = (z1 z2 z3 . . . zm)T . We

will also define the matrix V via Vi,j = v(ki, zj) and the vector v via v = vec(V).

Next, define the matrix K via

K =



k k k · · · k

k k
. . . · · · k

k
. . . . . . · · · k

k · · · · · · · · · k︸ ︷︷ ︸
n times


m times


and the matrix K′ (which is not, alas, the transpose of K) via

K′ =


kT

kT

...

kT

nm times.


Also, define

Y =
[
vec(Akθ · zT ) vec(Akθ · zT ) . . . vec(Akθ · zT )

]︸ ︷︷ ︸
n times

.

Next, define V′ via

V′ = (ΓVT )⊗ 1n×1.

The remarkable thing about these apparently arbitrary definitions is that Bellman’s equation

now becomes

v = max {ln (Y + (1− δ)K−K′) + βV′}

provided that we interpret the max operator when applied to a matrix as operating on the rows,

picking out the maximal element of each row to create a column vector of maxima. (Also, scalar

multiplication and raising to powers is interpreted element-wise.)

We are now ready to describe an algorithm; here it will be described without Howard’s im-

provement.
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Step 1. Create, once and for all, the matrix

U = ln (Y + (1− δ)K−K′) ,

remembering to put a large negative value whenever the argument of the natural logarithm

happens to be negative (if it ever is).

Step 2. Create an initial guess of the value function v0 and hence an initial guess V0.

Step 3. Iterate on Bellman’s equation via the following recipe

v1 = max{U+ βV′
0}.
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1.3 Finding the stationary distribution

The process zt has a PTM Γ. What about the process xt = (kt, zt)? Suppose the optimal

savings rule is given by kt+1 = h(kt, zt).

Apparently

P[kt+1 = ki & zt+1 = zj|kt = kr & zt = zℓ] =

{
Γℓ,j if ki = d(kr, zℓ)

0 otherwise.

On this basis, you can create a probability transition matrix for the process xt = (kt, zt).

Admittedly it’s perhaps a little bit complicated to figure out exactly where in the matrix to

put the entries of Γ so here’s some suggested code, written in Matlab for my (and your?)

convenience. We will organize the grid x for xt in the following way. Let X be an n×m matrix

such that Xi,j = (ki, zj). Then let x = vec(X). This means that elements representing the

same value of k but distinct values of z are dispersed along the vector. (Try to visualize it!)

We will denote the nm × nm probability transition matrix for xt matrix by P and we will

represent the optimal savings function by an mn × 1 vector of integers d which for every

element of x picks out the element of k that represents optimal saving in that state.
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k=1; % This is the current row of P

P = zeros(m*n,m*n);

for j=1:m

for i=1:n

iprime = d(k) % Optimal saving

idc = iprime:n:(n*m);

% Indices representing a single k but distinct zs

P(k,idc)=Gamma(j,:);

k = k+1;

end

end

1.4 Computing moments

Let xt be a time-homogeneous Markov chain living on the finite set X = {x1, x2, . . . , xM} with

PTM matrix P (convention: rows sum to one) and stationary measure π. Let its unconditional

mean be denoted by µ and its unconditional variance be denoted by σ2. It’s fairly obvious that

µ =
M∑
i=1

πix
i = π · x

and that

σ2 =
M∑
i=1

πi(x
i)2 − µ2.

Perhaps slightly less obvious is the formula for the autocovariance.

Cov(xt, xt+1) =
M∑
i=1

πi

M∑
j=1

xixjPi,j − µ2.

For example, let the state space be X = {−∆,∆} and let

P =

[
p 1− p

1− p p

]
.

Then the autocorrelation is... left as an exercise.

Notice that you can use this formula much more generally to compute, for example, the au-

tocorrelation of log output. But to do that, you need first to find the stationary distribution
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π. Provided you know that P is irreducible and aperiodic, you can in principle compute

limn→∞ π0P
n for any initial distribution π0 by computing π0P

n for a sufficiently large n. As

it turns out, this is not only intuitive but efficient. But whatever else you do, do not, ever,

compute P · P . Iterate instead on

π1 = π0P

until π1 and π0 are close. How many multiplications and additions are involved in one of these

iterations as compared to computing P · P?

1.5 Other Matlab issues

Just in case you were wondering: 1:2:7 in Matlab means [1 3 5 7].

You may also find it useful to know how to create a matrix in the most primitive way. Say you

want

A =

[
1 2

3 4

]
then you write

A = [1 2;3 4];

or

A = [1 2

3 4];

Above we saw the need to perform the following multiplication: A ⊗ 1n×1 where A was an

m× n matrix. What is really happening here is that we are repeating every row of A n times,

resulting in an mn × n matrix. Surely there is a way of doing that without actually carrying

out any multiplications!

ii = 1:m; ii = ii(ones(1,n),:);

A = A(ii,:);
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Here the matrix ii is simply an n×m matrix where every row is the row vector 1 : m.

The overriding Matlab issue is, however, memory. The right hand side of Bellman’s equation is

an nm×n matrix. If both n and m are sufficiently large numbers, you will run out of memory.

If n = 1000 then you should probably limit yourself to m = 5 or so, depending, of course, on

the amount of RAM on your computer.

2 Exercises

1. Suppose you want ln zt to have mean 0, autocorrelation 0 < ρ < 1, variance σ2/(1 − ρ2)

and zero skewness. Suppose m = 2. Determine Γ and z.

2. Write a program that solves the model described in these lecture notes. Verify that it

works by comparing the computed value function and decision rule with the true coun-

terparts when δ = 1.

3. Set β = .99, θ = 0.36, δ = 0.03, ρ = 0.95, σ = 0.007. Set A so that deterministic steady

state output is equal to one. Let m = 2 and compute the parameters of the zt process as

in (1). Find the mean and variance of the stationary distribution of the log of the capital

stock. Find the mean and variance of the stationary distribution of the log of output.
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