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Lecture 6: Stochastic discrete-time economies

1 Filtrations

Let (Ω,F) be a measurable space. Let time t be discrete so that t = 0, 1, . . .

Definition. A filtration F = {Ft}∞t=0 is an increasing sequence of σ-algebras contained in F ,

i.e. Ft ⊂ Ft+1 and Ft ⊂ F for all t = 0, 1, . . .

We use filtrations to model the gradual revelation of information over time. By definition there

is no forgetting.

Definition. A stochastic process X : Z+ × Ω → R is a sequence of random variables. When

we fix t, the mapping X(t, ·) : Ω → R is an F -measurable random variable. When we fix ω,

the mapping X(·, ω) : Z+ → R is a sequence of real numbers, known as a trajectory or sample

path of X. Often we write Xt(ω) instead of X(t, ω).

Definition. A stochastic process is said to be adapted to a filtration F if Xt is Ft-measurable

for each t.
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Definition. Given a stochastic process X, its natural filtration is defined via

Ft = σ({Xs : s = 0, 1, . . . , t}).

We also say that this is the filtration generated or induced by X. Of course, any stochastic

process is adapted to its natural filtration.

2 Budget constraints when markets are complete

Let (Ω,F ,P, {Ft}) be a filtered probability space with F0 = {∅,Ω}. Markets are complete in

the sense that, for every T = 0, 1, 2 . . . and every A ∈ FT there is a traded contingent claim that

delivers one unit of consumption in period T precisely if ω ∈ A. The price of such a contingent

claim is given by QT (A) where, for each T , QT : FT → R+ is a positive finite measure with

the property QT ≪ P. Without this property, there would be arbitrage opportunities. We

normalize Q0(Ω) = 1.

By Radon-Nikodym’s theorem we may define the positive and {Ft}-adapted stochastic process

{pt} via

dQt = ptdP on Ft.

The meaning of this is the following. For any measurable space (Ω,F), and any pair of finite

positive measures λ and µ such that λ ≪ µ, Radon-Nikodym’s theorem guarantees the existence

of a random variable X such that

λ(A) =

∫
A

Xdµ

for each A ∈ F . But what if we restrict the domain of our measures to a possibly coarser

σ-algebra G ⊂ F? Then absolute continuity (λ ≪ µ) is preserved (why?) but the old Radon-

Nikodym derivative X is not necessarily measurable with respect to G. Yet Radon-Nikodym’s

theorem guarantees that there is a G-measurable random variable Y such that

λ(A) =

∫
A

Y dµ
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for each A ∈ G though not necessarily for each A ∈ F . Thus the Radon-Nikodym derivative

depends on the σ-algebra even though its existence does not. Hence the phrase “on Ft”.

Anyhow, given this definition, a consumer’s budget constraint (thought of as an equality) may

be written as
∞∑
t=0

∫
Ω

ct(ω)dQt(ω) = E

[
∞∑
t=0

ptct

]
= b0 (PV)

where b0 is the (deterministic) endowment of good 0. By complete markets, any other endow-

ments can be exchanged into this numeraire good. We take for granted, of course, that {ct} is

an {Ft}-adapted stochastic process.

What is the sequential representation of this budget constraint? I propose the following. Define

the stochastic process {qt}∞t=1 via

qt+1 =
pt+1

pt
.

Then the “sequence of markets” budget constraint is

E[qt+1bt+1|Ft] + ct = bt. (SM)

The logical relationship between these two conditions is that

1. Let b0 be a given deterministic constant and let {pt} and {ct} be given {Ft}-adapted

stochastic processes. Let p0 = 1. Suppose (PV) holds. Define the stochastic process

{qt}∞t=1 via

qt+1 =
pt+1

pt
.

Define {bt} via

bt = E

[
∞∑
k=0

pt+kct+k

∣∣∣∣∣Ft

]
Then {bt} is {Ft}-adapted, (SM) holds and

lim
t→∞

E[ptbt] = 0.
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2. Let {ct}, {qt}∞t=1 and {bt} be given {Ft}-adapted stochastic processes. Define p0 = 1 and

pt+1 = qt+1pt.

Suppose (SM) is satisfied for each t = 0, 1, . . . and that

lim
t→∞

E[ptbt] = 0.

Then (PV) holds.

Note that with standard preferences, we have, in an optimal solution,

qt+1 = β
uc,t+1

uc,t

.

Warning. The “asset holdings” bt defined above is not a portfolio strategy as defined in

financial economics. To qualify as a portfolio strategy, a process must be {Ft}-predictable. Thus

our result is very different in nature from, say, the result that the Black-Scholes model exhibits

complete markets though there are only two assets but infinitely many possible outcomes.

3 The stochastic growth model

Suppose a social planner wants to maximize

E

[
∞∑
t=0

βtu(ct)

]

subject to

ct + kt+1 = ztf(kt),

ct ≥ 0, kt+1 ≥ 0, k0 > 0 given where zt is a stochastic process that generates the filtration

{Ft}. The informational constraint is that {ct} be {Ft}-adapted, i.e. that ct is Ft-measurable

for each t. It follows that {kt} is {Ft}-predictable, i.e. that kt+1 is Ft-measurable for all t. This
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is of course consistent with the notational conventions of financial economics where markets

are possibly but not necessarily complete.

We assume that f and u are differentiable and concave.

Forming the Hamiltonian, we get

H(kt, zt, ct, λt+1) = βtu(ct) + λt+1[ztf(kt)− ct].

The optimality conditions are

βtu′(ct) = E[λt+1|Ft] (1)

and

E[λt+1|Ft]ztf
′(kt) = λt (2)

where of course these equations should hold for all t = 0, 1, . . .

To eliminate the costate λt, we go through the following steps. First we take Equation (1) for

t+ 1 to get

βt+1u′(ct+1) = E[λt+2|Ft+1].

Similarly, from Equation (2) we have

E[λt+2|Ft+1]zt+1f
′(kt+1) = λt+1.

It follows that

βt+1u′(ct+1)zt+1f
′(kt+1) = λt+1.

Taking conditional expectations and invoking Equation (1), we get

βtu′(ct) = βt+1E[u′(ct+1)zt+1f
′(kt+1)|Ft],

or, if we divide by βt,

u′(ct) = βE[u′(ct+1)zt+1f
′(kt+1)|Ft]. (3)

Equation (3) is often called the consumption Euler equation, or, occasionally, the Lucas asset

pricing equation.
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4 Equilibrium asset pricing

Consider an economy where a representative agent is endowed with yt in every period, where

{yt} is a stochastic process. Let there be a single asset with price process pt that pays dividend

dt. We assume that the dividend process is adapted to the filtration {Ft} generated by the

endowment process. This agent maximizes

E

[
∞∑
t=1

βtu(ct)

]

subject to

ct + ptat+1 = yt + (pt + dt)at

where a0 is given and

lim inf
t→∞

βtE[ptat] ≥ 0.

We want to show something rather intuitive, namely that

ptu
′(ct) = βE[u′(ct+1) · (pt+1 + dt+1)|Ft].

What this means is that the marginal utility of consumption equals the discounted expected

product between future marginal utility and the rate of return. This in turn has the interpre-

tation that both competing uses of current resources (consumption and asset purchases) yield

the same marginal return.

Now we derive this condition. Form the Hamiltonian:

H = βtu(ct) + λt+1

[
yt + (pt + dt)at − ct

pt

]
.

The optimality conditions are

E[λt+1|Ft] = βtptu
′(ct) (4)

and

(pt + dt)E[λt+1|Ft] = ptλt. (5)
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Substituting Equation (4) into Equation (5), we get

(pt + dt)β
tptu

′(ct) = ptλt.

Dividing both sides by pt, we obtain

(pt + dt)β
tu′(ct) = λt.

Taking the same equation at t+ 1 yields

(pt+1 + dt+1)β
t+1u′(ct+1) = λt+1.

Taking conditional expectations gives

βt+1E[(pt+1 + dt+1)u
′(ct+1)|Ft] = E[λt+1|Ft].

Invoking Equation (4) once again, we get

βtptu
′(ct) = βt+1E[(pt+1 + dt+1)u

′(ct+1)|Ft]

and the desired conclusion follows.
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