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1 Approximate solution methods based on linearization

The goal of these lectures is to explain how to linearize the equilibrium conditions of a dynamic

model and to find the recursive representation of the solution to the resulting system of linear

difference equations. The key idea involved (apart from first-order Taylor expansions) is the

idea of stability and that pretty much every economic model has a built-in tendency to explode if

not tamed. This fact is often swept under the carpet, but when a model is linear (or linearized)

it has to be faced head on. Incidentally, if you have ever studied dynamic optimization in

continuous time and/or encountered “saddle paths” of dynamic systems, then you will feel at

home. But don’t worry if you haven’t.

Even in a non-linear model the question of stability and instability is often an unavoidable

issue. Imagine a world where savings st equals 3/4(1− 1/r) where r is the equilibrium interest

rate, which we assume will not change over time. Though people can borrow and lend from

each other, the only asset in positive net supply is land, which yields a crop of one per unit

of land. To exclude arbitrage opportunities, the rate of return on land must equal the rate of

return on lending. Denote the price of land by pt. Thus we must have

pt =
3

4
− 3

4r
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and
pt+1 + 1

pt
= r.

Combining these two equations, we have

pt+1 =
7pt − 3

3− 4pt

Here’s an obvious solution to this difference equation: pt = 1/2 for all t. Are there others? Yes,

but they all involve prices that eventually go nuts, or, to be precise, negative.

1.1 The growth model

Consider the (deterministic) growth model with inelastic labour supply. A planner maximizes

∞∑
t=0

βtu(ct)

subject to

ct + kt+1 = f(kt)

and kt ≥ 0 where k0 > 0 is given.

Using the resource constraint to substitute out consumption, the only remaining optimality

condition is

u′(f(kt)− kt+1) = βu′(f(kt+1)− kt+2) · f ′(kt+1). (1)

Now suppose—and this supposition turns out to be correct—that there is a unique equilibrium

decision function h such that

kt+1 = h(kt).

We are interested in the level and derivatives of this function evaluated at the steady state. We

write

h(k) ≈ ĥ(k) = h(0) +
n∑

j=1

h(j) · (k − h(0))j

j!

where h(j) is the jth derivative of h, evaluated at the point k∗ defined via

1 = β · f ′(k∗).
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In particular, h(0) = k∗. Our job now is to compute h(k) for k = 1, . . . n. As it turns out, k = 1,

which we will focus all out attention on, is the hardest.

The first step is to convert (1) into a functional equation as follows.

u′(f(k)− h(k)) ≡ βu′(f(h(k))− h(h(k))) · f ′(h(k)) (2)

The first thing to notice about (2) is that it holds, by definition of h, for all k > 0. That is

what is meant by the ≡ symbol. The other thing to note about it is that it features h(h(k))).

This is bad news: without this feature, we would basically have an algebraic equation and not

a fully-fledged functional equation.

In any case, let’s try to characterize (and then compute) h(1). We differentiate (2) with respect

to k. Truth is preserved, since (2) is an identity, not merely equation. We get

u′′(f(k)− h(k)) · (f ′(k)− h(1)(k)) =

β
{
u′′(f(h(k))− h(h(k))) · (f ′(h(k)) · h(1)(k)− h(1)(h(k)) · h(1)(k)) · f ′(h(k)) +

+ u′(f(h(k))− h(h(k))) · f ′′(h(k)) · h(1)(k)
}
.

Evaluating this horrendous equation at k = k∗, using k∗ = h(k∗), and defining c∗ = f(k∗)− k∗,

we get

u′′(c∗) · (f ′(k∗)− h(1)) =

β
{
u′′(c∗) · (f ′(k∗) · h(1) − [h(1)]2) · f ′(k∗) +

+ u′(c∗) · f ′′(k∗) · h(1)
}
.

But we also know that 1 = β · f ′(k∗) so the equation simplifies somewhat to

u′′(c∗)[h(1)]2 −
[(

1 +
1

β

)
u′′(c∗) + βu′(c∗)f ′′(k∗)

]
h(1) +

1

β
u′′(c∗) = 0.

Dividing through by u′′, we have

[h(1)]2 −
[
1 +

1

β
+ β

u′(c∗)

u′′(c∗)
f ′′(k∗)

]
h(1) +

1

β
= 0.

This equation always has two solutions: one implying an explosive path for capital (which

would eventually violate kt ≥ 0) and another implying a convergent path for capital.
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For example, suppose f(k) = Akθ (where A is chosen in such a way as to make steady state

output equal to 1) and let u(c) = ln c. Then our equation becomes

[h(1)]2 −
[
1 +

1

β
+ βθ(1− θ)

1− k∗

(k∗)2

]
h(1) +

1

β
= 0.

In this case, we know that k∗ = βθ, so the equation simplifies further to

[h(1)]2 −
[
1 +

1

β
+

(1− θ)(1− βθ)

βθ

]
h(1) +

1

β
= 0.

Apparently one solution to this is

h(1) = θ

which is consistent with the known solution in this case, h(k) = Aβθkθ. The other solution

to the quadratic equation is 1/(βθ) which if selected would lead to an explosive path for the

capital stock.

1.2 A Linear-Quadratic Dynamic Optimization Problem

Let’s maximize, with respect to u0, u1, . . . and x1, x2, . . . the following expression.

−1

2

∞∑
t=0

[qx2
t + ru2

t ]

subject to

xt+1 = axt + bt

and x0 exogenously given. The parameters r and q are assumed to be non-zero.

You can of course use any approach you like to derive first-order optimality conditions, but I

will use the “Hamiltonian” method here.

H = qx2
t + ru2

t + λt+1[axt + but]

The optimality conditions are

−rut + bλt+1 = 0

and

−qxt + aλt+1 = λt.
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Arranging this into a system of linear difference equations, we have[
xt+1

λt+1

]
=

[
a+ bq/(ra) b2/(ra)

q/a 1/a

][
xt

λt

]
To make this more concrete, let’s put in some numbers. Let’s say all the parameters are equal

to one except r which is equal to two. Then[
xt+1

λt+1

]
=

[
3/2 1/2

1 1

][
xt

λt

]
The coefficient matrix has an interesting, apparently incidental and apparently unimportant

property: its determinant is equal to one. Actually, this is a deep and important fact about

the coefficient matrix and it is invariant to the precise choice of the parameters a, b, r and

q. Anyhow, this two-dimensional system of difference equations can be transformed into a

one-dimensional second-order difference equation as follows.

xt+2 =
5

2
xt+1 − xt.

In this situation it is natural to look for solutions of the form xt = λt. Let’s try it!

λt+2 =
5

2
λt+1 − λt.

Dividing through by λt, we get

λ2 − 5

2
λ+ 1 = 0.

The solutions are λ1 = 1/2 and λ2 = 2. One stable and one unstable root! All solutions to our

second-order difference equation can be written as

xt = A · (1/2)t +B · 2t.

Evidently if B ̸= 0 the solution will explode. Why is that bad? Plug in a candidate solution

that doesn’t converge to zero into the objective function and you get minus infinity! Not good

if you’re maximizing. So B = 0 and we’re left with the rather trivial problem of determining

A. Evidently A = x0 and the solution to our linear-quadratic dynamic optimization problem is

xt =

(
1

2

)t

x0

in recursive form,

xt+1 =
1

2
xt.
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Well, what about ut? Recall that xt+1 = xt + ut so we must have

ut = −1

2
xt

which is the recursive representation. If we insist on a sequential representation, then we have

ut = −
(
1

2

)t+1

x0.

1.3 What to do with a linearized version of a dynamic model

Suppose we have managed to approximate a model by a linear one or that we in fact literally

have a linear model. If we define xt as the n× 1 “state” and λt as the m× 1 “non-state” vector

and suppose, without loss of generality, that the deterministic steady state is 0. Then, if we

are lucky, we may write [
xt+1

λt+1

]
= A

[
xt

λt

]
where the lack of a constant term involves no significant loss of generality. If the steady state

is unique, it is not a problem to redefine all variables to represent deviations from this new

steady state and then there is no constant term.

Now let’s try to find a solution, preferably one that doesn’t go bananas as t → ∞. Specifically,

we want to make sure that our solution converges to zero, i.e. the steady state. (If we didn’t

care about that, then we’d already be done.) Now let’s dream for a bit. Let’s imagine that,

out of some amazing fluke, the matrix A were upper triangular. Then we could write[
xt+1

λt+1

]
=

[
A11 A12

0 A22

][
xt

λt

]
.

With this representation, A11 and A22 are upper triangular, but that turns out not to be of

much importance. The important bit is the big fat m× n zero. Evidently it follows that

λt+1 = A22λt

Now imagine something else. Imagine that all the diagonal elements of A22, call them a22ii
satisfy |a22ii | > 1. Is this a nutty assumption? Not quite. We saw above, in our example of

a linear-quadratic dynamic optimization problem, that we had just as many stable (< 1 in
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magnitude) roots (in that case, 1) as there were state variables, and just as many unstable (> 1

in magnitude) roots as there were non-state variables (in that case, 1).

Anyhow, if all the diagonal elements of A22 are unstable, then it is straightforward to show

that we must have λt = 0 for all t in order to avoid explosion. But then we have

xt+1 = A11xt

and we are done, noting that since the diagonal elements of A11 are stable and so this defines

a stable recursion! Alas, of course, A is not necessarily upper triangular. The time has come

to make use of the Schur decomposition.

Lemma 1 (Schur decomposition) Let A be an n × n matrix. Then there exists a unitary

matrix Q and an upper triangular matrix T such that

AQ = QT.

Moreover, there is enough freedom of choice in determining Q and T that the diagonal elements

of T can be made to appear in any order.

Proof. Omitted.

N.B. Even if A only has real entries, some of the entries ofQ and T may be complex. By the way,

what does it mean for a matrix to be “unitary”? It’s the complex counterpart of “orthogonal”

or “orthonormal”. It doesn’t quite mean QTQ = I, since the notion of “transpose” has to be

modified when dealing with complex matrices. The conventional definition (built in to Matlab!)

is to use the conjugate or Hermitian transpose which means that you transpose and then take

the complex conjugate of each matrix entry. (It doesn’t matter if you do it in the reverse order.)

The notation for the conjugate transpose is QH and if Q is unitary we have QHQ = QQH = I.

This means of course that Q and QH are inverses of each other. This in turn means that

AQ = QT is equivalent to QHA = TQH .

Now let’s apply our lemma. Choose Q and T so that the diagonal elements of T (= the

eigenvalues of A) are organized so that the stable ones come first. Then premultiply our system

of difference equations by QH and we get

Q

[
xt+1

λt+1

]
= QA

[
xt

λt

]
= TQ

[
xt

λt

]
.
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This looks useless, but now let’s define[
yt

µt

]
= QH

[
xt

λt

]

or, noticing that Q is the inverse of QH ,[
xt

λt

]
=

[
Q11 Q12

Q21 Q22

][
yt

µt

]
.

With this definition, we have, of course,[
yt+1

µt+1

]
= T

[
yt

µt

]
or [

yt+1

µt+1

]
=

[
T11 T12

0 T22

][
yt

µt

]
Of course it follows that

µt+1 = T22µt

and so to avoid the solution going nuts we need µt = 0 for all t. But then

yt+1 = T11yt

which is a stable system and we are more or less done. We could, if we wanted to, simulate yt

and compute xt and λt from yt. But let’s see if we can eliminate yt entirely. We have

xt = Q11yt.

Now let’s take a deep breath, cross our fingers and hope that Q11 is invertible in which case

xt+1 = Q11yt+1 = Q11T11yt = Q11T11Q
−1
11 xt

and

λt = Q21yt = Q21Q
−1
11 xt.

The traditional notation for these results is

xt+1 = Pxt
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and

λt = Fxt

where of course

P = Q11T11Q
−1
11

and

F = Q21Q
−1
11 .

1.3.1 Adding stochastic shocks

The beauty of linear systems is that you can so easily add shocks. Suppose our system is[
xt+1

E[λt+1|Ft]

]
= A

[
xt

λt

]
+

[
ξt+1

0

]

where {ξt} is an exogenous white noise process, some of whose components may be zero (as

would usually be the case for the capital stock in the growth model). Then you proceed exactly

as in the deterministic case, except you need to add the shocks to the xt process at the end.

xt+1 = Pxt + ξt+1.

1.4 Linearizing (or log-linearizing) a dynamic model

Write down you equilibrium conditions as

E[f(xt+1, λt+1, xt, λt)|Ft] = 0.

First, compute the deterministic steady state. It solves

f(x∗, λ∗, x∗, λ∗) = 0.

For this, either use analytical methods or use Newton’s method; see below. Once you have the

steady state, you find the gradient of f at the point (x∗, λ∗, x∗, λ∗). The first n+m columns of

this gradient form the matrix A and the last n+m columns form the negative of the matrix B

as defined below, in Section 1.4.1.
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1.4.0.1 Newton’s method Suppose you want to solve

f(x) = 0

where f : Rn → Rn. The so-called Newton or Newton-Raphson method proceeds as follows.

Consider the first-order Taylor expansion around some arbitrary guess x0 and denoting the

solution by x∗.

f(x∗) ≈ f(x0) + f ′(x0) · (x∗ − x0).

Notice that f ′(x0) is an n×n matrix of partial derivatives. It is sometimes called the gradient,

sometimes the Jacobian of f at x0. By definition, f(x∗) = 0 so we are left with

0 ≈ f(x0) + f ′(x0) · (x∗ − x0).

Inspired by this, we define (indirectly) the following recursion.

0 = f(x0) + f ′(x0)(x1 − x0).

Theoretically, I could write

x1 = x0 − [f ′(x0)]
−1f(x0)

but there is no need to invert the gradient matrix. All you should do is to solve, by Gaussian

elimination, the following linear system of equations.

f ′(x0) · x1 = −f(x0) + f ′(x0) · x0.

The code for Gaussian elimination in Matlab is x=A\b. This finds the solution to the equation

Ax = b.

This method is very fast but not robust. In particular, if you ever come across a point x0 at

which f ′(x0) is singular, then the algorithm crashes. Try to come up with a good initial guess.

If one doesn’t work, try another!

1.4.0.2 Numerical derivatives Derivatives of messy functions are hard to compute an-

alytically. Even if you have the time and energy, you may easily make a mistake and then

the result is completely useless. It is therefore wise to take numerical derivatives. You can

download a routine for numerical differentiation from my website. Here’s an example of how

you would use my function centgrad in a program.
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ab = centgrad(’euler’,[xss;xss]);

In this context, xss (don’t take the variable name too seriously) is the steady state vector

(x∗, λ∗) and euler is the name of the function that defines the optimality conditions.

1.4.1 Singular linear difference equations

As should be apparent from the above, we may end up with a system of difference equations

that looks like this:

A

[
xt+1

λt+1

]
= B

[
xt

λt

]
which is fine if A is invertible. But what if it’s not? It often isn’t. In fact it never is if there are

any “static” optimality conditions (conditions where all the variables are associated with the

same time period) such as a standard equilibrium labour supply equation. See Klein (2000) or

Gomme and Klein (2008); for computer code, see Paul Klein’s code page.

2 Finding moments

There are many ways of computing the moments once you have the recursive representation of

the approximate solution. Conceptually most straightforward is probably to simulate. A more

efficient approach is the following. Suppose the moments we are after concern a linear function

of the state and non-state variables denoted by yt.

yt = Mxt.

The absence of a term involving λt of course involves no loss of generality. In fact, there is no

loss of generality in assuming M = F . If a variable that you are interested in is not a variable

in the system, just add it and make λt bigger.

For example, yt might be log output in which case

yt = ln zt + θ ln kt + (1− θ) lnht

where log hours lnht is a known linear function of the state variables ln zt and ln kt.
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What is the variance and autocovariance of yt? Suppose the variance of ξt+1 is given by the

positive semidefinite matrix Σ by which I mean

E[ξt+1 · ξTt+1] = Σ.

First, let’s find the variance V of xt itself. Apparently it satisfies

V = PV P T + Σ.

You may want to think about how to solve this equation efficiently. If you are a numerical

linear algebra afficionado, you will notice that it is a generalized Sylvester equation and will

solve it as such. If you are more pedestrian, you will notice that it is a linear equation that can

be transformed to a more familiar form by vectorizing both sides and using the identity

vec(ABC) = (CT ⊗ A)vec(B).

Finally, if you are a novice (or crazy like a fox) you may want to iterate on

V1 = PV0P
T + Σ.

Meanwhile, the variance of yt is

Vy = MVMT .

What about the autocovariance? Well, the autocovariance of xt is V P T . That was easy. And

the autocovariance of yt is MV P TMT .
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3 Exercises

1. Use linearization to find an approximate solution to the stochastic growth model with
variable leisure described in other lecture notes. Let ln zt be an AR(1) process with
standard deviation 0.0224 and autocorrelation 0.95. Set α = 0.2, θ = 0.36, β = 0.99
and δ = 0.03. In the stationary distribution, what is the standard deviation and the
autocorrelation of log output? What is the relative volatility of hours, i.e. the ratio of the
standard deviation of log hours to the standard deviation of log output?
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