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Instructions:

In Part I, answer 2 out of 4 questions.

In Part II, answer 1 out of 2 questions.

Calculators are allowed but useless.
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Part I

I.1. Consider the deterministic growth model where a social planner maximizes

∞∑
t=0

βtu(ct)

subject to the resource constraint

ct + kt+1 = f(kt)

and the non-negativity constraint kt+1 ≥ 0. The initial capital stock k0 is given.

(a) Rewrite the problem so so that it has the following format.

max
∞∑
t=0

βtr(kt, kt+1).

(b) Write down Bellman’s functional equation as it applies to this problem.

(c) Sketch an algorithm for finding an approximate solution to the problem.
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I.2. Which of the following statements are true about the stochastic growth model with

variable leisure? Explain.

(a) Hours worked per period respond more to technology shocks, the more persis-

tent those shocks are.

(b) Consumption responds more to technology shocks, the more persistent those

shocks are.

(c) Investment is more volatile than output.

I.3. What does it mean to “vectorize” computer code? Give an example and explain

why it might speed up execution when working with an interpreted language.

I.4. Suppose {zt}∞t=0 is a Markov chain with state space {z1, z2, . . . , zm} where m is a

very large number. The probability transition matrix is P .

(a) Define a stationary distribution in this context.

(b) Describe how you would compute the stationary distribution efficiently.

(c) Describe how you would compute the mean and variance of zt in the stationary

distribution.
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Part II

II.1. Suppose you want to maximize
∞∑
t=0

βtu(ct)

subject to

at+1 = (1 + r)at − ct

ct ≥ 0

at+1 ≥ 0

where r > 0 and a0 > 0 are given parameters. The function u : R+ → R is

(weakly) concave, bounded and once differentiable. Suppose β = (1 + r)−1. Show

that ct = c0 = ra0 is an optimal solution by going through the following steps.

(a) Derive the value function implied by the above consumption plan.

(b) Show that the value function you derived in (a) satisfies Bellman’s functional

equation as it applies to this problem.
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II.2. Consider

max
{ct}∞t=0,{kt}∞t=0

∞∑
t=0

βt√ct

subject to

kt+1 = kt − ct,

kt ≥ 0,

ct ≥ 0

and

k0 = k > 0

where 0 ≤ β < 1.

(a) Write down Bellman’s functional equation for this problem.

(b) Find a solution to Bellman’s functional equation of the form v(k) = A
√
k.

(c) Find an admissible sequence {kt} satisfying

v(kt) =
√

kt − kt+1 + βv(kt+1).

(d) Apparently v is not bounded. Nevertheless, it is sufficient that

lim
t→∞

βtv(kt) = 0

for the solution and

lim
t→∞

βtv(k̃t) ≥ 0

for all admissible sequences {k̃t}. Verify these two statements.
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