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Part I [50 points]

I.1. Let (Ω,F ,P) be a probability space, let X be a random variable and let G ⊂ F be

a σ-algebra. Suppose G and σ(X) are independent, i.e. that

P(A ∩B) = P(A)P(B)

for all A ∈ G and all B ∈ σ(X). Show that, with probability 1,

E[X|G] = E[X].

Answer: Evidently, E[X] is measurable with respect to any σ-algebra; in particular,

it is measurable with respect to G. What remains to verify is the other defining

feature of the conditional expectation. We begin by showing it for an indicator. So

let X = IA. Evidently A ∈ σ(X). Meanwhile, E[X] = P(A). We need to prove that∫
G

IAdP =

∫
G

P(A)dP

for all G ∈ G. This reduces to

P(G ∩ A) = P(G)P(A)

which is guaranteed by assumption. To extend the proof to simple functions, use the

linearity of the integral. To prove it for arbitrary non-negative random variables,

use the monotone convergence theorem. To prove it for arbitrary integrable random

variables, use the linearity of the integral again and the fact that any integrable

random variable is the difference between its positive and negative parts, each of

which is non-negative and integrable.

I.2. Consider a worker who wants to maximize

E

[
∞∑
t=0

βtyt

]
where yt = w if the worker is employed at wage w and yt = 0 if the worker is

unemployed. We assume 0 ≤ β < 1. Each period an unemployed worker draws
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a wage offer from the set {w1, w2, . . . , wn} which she can either accept or reject.

Suppose w1 ≤ w2 ≤ . . . ≤ wn. If she accepts, she receives the same wage offer in

the next period. If she rejects, wt+1 behaves like a finite-state Markov chain with

probability transition matrix Φ. The precise meaning of this is

Φi,j = P[wt+1 = wj|wt = wi].

(a) Write down Bellman’s functional equation as it applies to this problem.

Answer: This was accidentally included in the question.

v(wi) = max

{
wi + βv(wi), β

n∑
j=1

Φi,jv(w
j)

}
.

(b) Do you think the solution will necessarily have the reservation wage property,

i.e. that for any Φ you will accept a wage offer w precisely if w ≥ wk for some

fixed k? Why or why not?

Answer: No. The proof of the reservation wage property does not apply since

both elements of the right hand side depend on wi. For example, suppose that

there is a big difference between wn and wn−1 and the probability of going from

wn−1 to wn is very high. Then you will probably reject wn−1. Meanwhile, there

might be a small difference between wn−2 and wn−1 and a very low probability

of going from wn−2 to either wn or wn−1. Then you would probably accept

wn−2.

(c) Sketch an algorithm for finding a solution to this problem.

Answer: Guess {v0(w1), v0(w2), . . . , v0(wn)}. Update using Bellman’s func-

tional equation. Iterate until a convergence criterion is met. Store the optimal

choices at each point; that is the decision rule.

I.3. Which of the following statements are true about the stochastic growth model with

variable leisure? Explain.

(a) Hours worked per period respond more to technology shocks, the more persis-

tent those shocks are.
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Answer: No. The effect depends on the relative strength of substitution and

income effects, which in this case operate in opposite directions (why?). The

more persistent the shocks, the larger the income effect.

(b) Consumption responds more to technology shocks, the more persistent those

shocks are.

Answer: Yes. Consumption responds to changes in wealth. The more persis-

tent the shocks, the larger is the effect on wealth.

(c) Investment is more volatile than output.

Answer: Yes, especially in percentage terms. The capital stock is used as

a shock absorber. In order to smooth consumption, which is desirable, the

remainder of output has to fluctuate more. In proportional terms, this is

even more evident, because investment is a smaller fraction of output than

consumption is. Notice that this point depends on depreciation being less than

complete in each period.

I.4. Suppose {zt}∞t=0 is a Markov chain with state space {z1, z2, . . . , zm} where m is a

very large number. The probability transition matrix is P .

(a) Define a stationary distribution in this context.

Answer: A vector µ ∈ Rm
+ whose entries sum to 1 and which is such that

µ = Pµ

if the columns of P sum to 1 or

µ = µP

if the rows sum to 1. In the former case, µ is a column vector and in the latter

case it is a row vector. In what follows we will insist on the latter case.

(b) Describe how you would check whether there is a unique stationary distribu-

tion.

Answers: See if P has a column without any zeros, i.e. there is a state j such

that you go to that state with strictly positive probability from any period to

4



the next whatever the current state is. If it isn’t true of P , check P 2. If that

doesn’t work, find the eigenvalues of P if there is exactly one unit modulus

eigenvalue (and this eigenvalue must be equal to 1) and the rest have a mod-

ulus strictly smaller than 1, then you’re done. Otherwise there might still be

a unique stationary distribution, but it wouldn’t be very interesting since you

don’t necessarily converge to it.

(c) Describe how you would compute the stationary distribution efficiently, pro-

vided that it is unique [and that we are guaranteed to converge to it].

Answer: Let µ0 be arbitrary (though it should have no negative entries and

the entries should sum to 1) and iterate on

µ1 = µ0P.

(d) Describe how you would compute the mean and variance of zt under the sta-

tionary distribution.

Answer: Define

z =


z1

z2

...

zm


Then the mean of zt is equal to µ · z. The variance is µ · z2 − (µ · z)2 where the
first square is to be interpreted elementwise.

5



Part II [50 points]

II.1. Consider a firm that maximizes the discounted sum of present and future profits.

Suppose initial capital k0 is given and that the problem of the firm is to maximize

∞∑
t=0

(1.05)−t πt (1)

where

πt = f (kt)− g (kt, it) (2)

and

kt+1 = (1− δ)kt + it (3)

where δ = 1/5. The production function f is defined via

f (k) = k − 1

2
k2. (4)

Meanwhile, the investment cost function g is given by

g (k, i) = i+
3

4
(i− δk)2 . (5)

(a) Find the steady state capital stock k.

Answer: According to Lecture notes 2, we have

k = 1− 0.05− 1/5 =
3

4
.

(b) It turns out that an optimal investment strategy can be written as

it = Ak +Bkt (6)

for some numbers A and B. Find the values of A and B and prove rigorously,

invoking some standard theorem, that with these values, Equation (6) describes

an optimal strategy.

Answer: Following Lecture notes 2, we have

it =
1

5
kt − (1− λ1)(kt − k).
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where λ1 is the stable eigenvalue. Thus A = 1 − λ1 and B = 1
5
− 1 + λ1.

Meanwhile, the relevant eigenvalue is given by

λ1 =
2.05 +

2

3
2

−

√√√√√√
2.05 +

2

3
2


2

− 1.05 =

=
163

120
−
√

11449

14400
=

163

120
− 107

120
=

7

15
.

Thus

A =
8

15
and

B = −1

3
.

This is the answer. It is tempting, however, to elaborate a bit. We would like

to verify that our investment strategy is consistent with

kt+1 −
3

4
=

7

15

(
kt −

3

4

)
or

kt+1 =
2

5
+

7

15
kt

Meanwhile, our investment strategy says that

it =
2

5
− 1

3
kt.

From this it follows that

kt+1 =
4

5
kt + it =

2

5
+

7

15
kt.

In any case, for this candidate solution, the sufficient conditions can be verified.

The first-order conditions are satisfied by construction. Convergence to the

steady state guarantees that the transversality condition is satisfied. NPG is

a more delicate issue. If kt ≥ 0 is imposed as a constraint, as is plausible, it

is taken care of. If not, we may argue such a constraint is irrelevant because

there is no temptation to violate it. Since λt → 0, to prevent λtkt from going

to zero, kt would have to go grow without bound in magnitude. This in turn

would lead to output going down without bound, and this would lead to profits

going to minus infinity. (This argument is a bit loose but can be tightened.)
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II.2. Consider a stochastic growth model where a social planner maximizes, with respect

to capital kt and labour ht,

E

[
∞∑
t=0

βt [α ln ct + (1− α) ln(1− ht)]

]

where the resource constraint is

ct + kt+1 = ztk
θ
t h

1−θ
t

and the law of motion for productivity is

ln zt+1 = ρ ln zt + εt+1

where εt+1 is white noise with mean zero and variance σ2, where initial capital

k0 > 0 and initial productivity z0 are given and where capital cannot be negative:

kt+1 ≥ 0. The parameters satisfy 0 < β < 1, 0 < ρ < 1, 0 < θ < 1, 0 < δ < 1,

0 < α < 1. Finally, ct and kt+1 must not depend on the realization of εt+s for any

s > 0.

(a) Write down a set of sufficient conditions for an optimal solution.

Answer: Form the Hamiltonian

H = βt [α ln ct + (1− α) ln(1− ht)] + λt+1[ztk
θ
t h

1−θ
t − ct]

The optimality conditions are

αβt

ct
− E[λt+1|Ft] = 0,

−(1− α)βt

1− ht

+ (1− θ)E[λt+1|Ft]ztk
θ
t h

−θ
t = 0,

θkθ−1
t h1−θ

t ztE[λt+1|Ft] = λt

and

lim
t→∞

E[λtkt] = 0.
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(b) It turns out that the solution can be represented as

kt+1 = Aztk
θ
t h

1−θ
t

and

ht = h.

Find h and A.

Answer:

h =
α(1− θ)

α(1− θ) + (1− α)(1− βθ)

and

A = βθ

(c) If depreciation were not complete, ht would no longer be a deterministic con-

stant. How would it respond to changes in zt and kt? Explain.

Answer: When depreciation is complete, substitution and income effects can-

cel out and zt and kt impinge upon the economy in a completely symmetric

way. (Yes, kt is raised to a power, but apart from that it is symmetric with zt.)

It would respond to increases in zt by increasing, because the substitution effect

dominates. The reverse is true with respect to kt, provided that δ is small

enough. (Actually, it turns out to be sufficient that δ < 1. The term (1− δ)kt

then generates a mighty wealth effect but no corresponding substitution effect.

9


	[50 points]
	[50 points]

