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Linear algebra for dynamic systems

1 Introduction

The purpose of this handout is to present those parts of linear algebra that are essen-

tial for the analysis of dynamic systems. It will take many basic concepts in linear

algebra for granted. To refresh your memory you may occasionally want to refer to an

introductory text on linear algebra. An excellent choice is Strang (1988).

Since this handout is full of eigenvalues which may easily be complex, all matrices here

will be matrices of complex numbers (unless I explicitly state otherwise). Moreover,

all matrices in this chapter will be n× n and consequently square. Sometimes we will

write A ∈ Cn×n and the meaning of that is obvious (I hope).

2 Some important theorems

Proposition 2.1 Let A ∈ Cn×n be a square matrix. Then its determinant is the

product of the eigenvalues and its trace (the sum of the diagonal elements) is the sum
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of the eigenvalues.

Remark 2.1 It is not claimed that the diagonal elements actually are the eigenvalues.

That is, however true for a special class of matrices, namely the triangular ones; see

below.

Proof. By definition, the eigenvalues are the zeros of a polynomial. By a corollary

of the fundamental theorem of algebra, this polynomial can be factorized. By the

definition of the set of eigenvalues {λk : k = 1, 2, ..., n} as the zeros of this polynomial,

we have, for all complex λ,

det (A− λI) =
n∏

k=1

(λ− λk) .

In particular, it is true for λ = 0 and the first part of the proposition follows. For the

second part, see Strang (1988).

Corollary 2.1 A square matrix A is invertible iff all of its eigenvalues are non-zero.

Proposition 2.2 Let A be a square matrix with real entries. Let λ be an eigenvalue of

A. Then so is its complex conjugate λ. Moreover, the corresponding eigenvectors are

also each others’ complex conjugates. Hence the complex eigenvalues and eigenvectors

(those with a non-zero imaginary part) appear in complex conjugate pairs.
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Proof. Let x be an eigenvector associated with the eigenvalue λ. Then, by definition,

Ax = λx. (1)

Now take the complex conjugate of both sides. Since A is real, it is unchanged by this

operation, so

Ax = λx.

Hence λ is an eigenvector and x an associated eigenvector.

Proposition 2.3 A square symmetric matrix A with real entries is positive (negative)

definite iff all its eigenvalues are positive (negative).

Remark 2.2 The eigenvalues are guaranteed to be real since A is symmetric; see below.

Proof. (⇒) Suppose A is positive definite, let λ be an eigenvalue and let x be the

corresponding eigenvector. Then xTAx = λxTx so λ is the ratio between two positive

numbers. (⇐) See Strang (1988).

Corollary 2.2 The eigenvalues of a real positive definite symmetric matrix are all real

and strictly positive.

Proposition 2.4 Let A be a square invertible matrix and let λ be an eigenvalue of A.

Then 1/λ is an eigenvalue of A−1.

Proof. Exercise.
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3 Similarity transforms

3.1 Motivation

When analyzing dynamic systems (systems of differential or difference equations), we

often want to uncouple the equations so that we can solve them row by row (scalar by

scalar) rather than the whole system at once. Algebraically, what this is all about is

the factorization (‘decomposition’) of matrices.

3.2 Definitions and basic results

We have already said that we are interested in factorizing matrices. One important

class of factorizations arises from the concept of similarity.

Definition 3.1 Let A and B be two n×n matrices of complex numbers. If there exists

an invertible matrix C such that

A = CBC−1, (2)

then A and B are said to be similar.

Remark 3.1 Note that, as we promised in the previous section, CBC−1 is a factor-

ization of A.
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Remark 3.2 The (invertible!) function that takes us from A to B is sometimes called

a similarity transform.

Proposition 3.1 If A and B are similar, then they have the same eigenvalues.

Proof. Let λ be an eigenvalue of A. Then, for some x ∈ Cn such that x ̸= θ, we have

Ax = λx. Hence CBC−1x = λx and consequently BC−1x = λC−1x. Hence y = C−1x

is such that By = λy, and y ̸= θ since C−1 is non-singular and x ̸= θ.

Definition 3.2 A matrix is called lower (upper) triangular if all the elements above

(below) the main diagonal are equal to zero.

Proposition 3.2 The eigenvalues of a lower or upper triangular matrix are its diag-

onal elements.

Proof. The formula for the determinant.

Definition 3.3 Let A be a matrix of complex numbers. Then the Hermitian (or con-

jugate) transpose of A, denoted by AH , is the (elementwise) complex conjugate of the

transpose AT . In other words, to find AH , first take the complex conjugate of each

element and then transpose (or vice versa).

Definition 3.4 A square matrix A is called unitary if AHA = AAH = I.
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Remark 3.3 A unitary matrix is a matrix with orthogonal columns of norm one.

Remark 3.4 The inverse of a unitary matrix A is just the Hermitian transpose AH .

Remark 3.5 A unitary matrix is the polar opposite of a singular matrix. While at-

tempts to invert singular and close-to-singular matrices wreak havoc with numerical

calculations, unitary matrices can be inverted quickly and precisely on a computer.

To show how much fun we can have with the Hermitian transpose, we now throw in

a definition and a result which is otherwise quite unimportant for our purposes (but

hugely important in other contexts).

Definition 3.5 A square matrix A such that A = AH is called a Hermitian matrix.

Proposition 3.3 The eigenvalues of a Hermitian matrix are real.

Proof. Let A be a Hermitian matrix, let λ ∈ C be one of its eigenvalues, and let

x ∈ Cn an associated eigenvector. Then

Ax = λx (3)

and hence

xHAx = λxHx (4)
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Now the left hand side is a scalar, and since it is equal to its conjugate transpose

(why?), it is equal to its complex conjugate; hence it is real. Meanwhile, xHx is real

and strictly positive since x ̸= θ. Hence λ is the ratio of a real number and a positive

real number.

Getting back on track, we now define unitary similarity, which is important for our

purposes.

Definition 3.6 Two matrices A and B are said to be unitarily similar to each other

if there is a unitary matrix Q such that

A = QBQH . (5)

We now come to the most important concrete examples of similarity transforms.

3.3 The eigenvalue/eigenvector decomposition

Definition 3.7 A matrix A is said to be diagonalizable if it is similar to a diagonal

matrix.

Proposition 3.4 An n× n matrix is diagonalizable iff it has a set of n linearly inde-

pendent eigenvectors.
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Remark 3.6 Note that the proof is constructive, so you had better read it or you’ll

miss the main point of this subsection.

Remark 3.7 Eigenvectors of distinct eigenvalues are linearly independent, so A having

distinct eigenvalues is sufficient to ensure that A is diagonalizable. It is not however

necessary; consider for example A = I. But when eigenvalues are repeated, care must be

taken to select linearly independent eigenvalues, and unfortunately that it is not always

possible.

Proof. Let Λ be the diagonal matrix that results from putting the eigenvalues of

A on the main diagonal and zeros elsewhere. Now create a matrix Ω by letting its

columns be a set of eigenvectors of A, ordered by the associated eigenvalues in the

order that they appear in Λ. By hypothesis, these eigenvectors can be chosen to be

linearly independent, and hence Ω is invertible. Now consider the equation

AΩ = ΩΛ. (6)

Column by column, it says

Axi = λixi; i = 1, 2, ..., n (7)

where λi is an eigenvalue, and xi an associated eigenvector. Hence the equation must

be true, by definition! Inverting Ω, we find that

A = ΩΛΩ−1. (8)
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So A is similar to the diagonal matrix Λ, and the similarity transform is given by

Ω (·) Ω−1.

Corollary 3.1 Λ and Ω can be constructed so that the eigenvalues appear in any order

along the diagonal of Λ.

Example 3.1 Sadly, however, not all matrices are diagonalizable. An example is the

following.

A =

 0 1

0 0

 . (9)

3.4 Schur form

So the bad news is that there exist non-diagonalizable (‘defective’) matrices. But the

good news, and this is what really matters when we want to solve dynamic systems,

is that every square matrix is (unitarily!) similar to an upper triangular matrix. This

result is known as Schur’s lemma, and the resulting factorization is called the Schur

form.

Theorem 3.1 (Schur’s lemma) Every square matrix A is unitarily similar to an up-

per triangular matrix T , i.e. for every square matrix A there exists an upper triangular

matrix T and a unitary matrix Q such that

A = QTQH . (10)

9



Moreover, the Q and T matrices can be constructed so that the eigenvalues of A appear

in any order along the diagonal of T .

Proof. See Strang (1988) or Golub and van Loan (1996).

Corollary 3.2 Every square matrix is unitarily similar to a lower triangular matrix.

Remark 3.8 The fact that the similarity guaranteed here is unitary is important, since

the inversion of a unitary matrix is a fast and precise numerical calculation.

4 Symplectic matrices

Definition 4.1 A 2n× 2n real matrix M is said to be symplectic if

MTJM = J (11)

where

J =

 0 In

−In 0

 . (12)

Proposition 4.1 If M is symplectic, then MT is similar to M−1 and hence the eigen-

values of M appear in reciprocal pairs, i.e. if λ is an eigenvalue of M , then so is

1

λ
.
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Proof. Exercise.

Proposition 4.2 Let α be an invertible n × n real matrix and let β and γ be n × n

real symmetric matrices. Then the 2n× 2n matrix M defined via

M =

 α αβ

γα α−T + γαβ

 (13)

is symplectic. Note that α−T is the inverse of αT .

Proof. Exercise.

Proposition 4.3 Let A, B, C and D be n× n matrices and define

M =

 A B

C D

 .

Then M is symplectic iff 
ATD − CTB = In

ATC = CTA

DTB = BTD.

It follows that a 2× 2 matrix is symplectic iff it has unit determinant.
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5 Matrix pencils

5.1 Motivation

Singular difference equations. Consider

Axt+1 = Bxt (14)

where A is possibly singular.

5.2 Basic definitions

Definition 1 Let A and B be n× n matrices of complex numbers. Then the function

P (z) = B − zA is called a matrix pencil.

Definition 2 Let B− zA be a matrix pencil. This pencil is called regular if there is a

z ∈ C such that |B − zA| ̸= 0.

Definition 3 Let B − zA be a matrix pencil. Then the set of generalized eigenvalues

λ (B,A) is defined via

λ (B,A) = {z ∈ C : |B − zA| = 0} . (15)
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5.3 Generalized Schur form

Theorem 1 (the complex generalized Schur form) Let B− zA be a regular ma-

trix pencil. Then there exist unitary n×n matrices of complex numbers Q and Z such

that

1. QAZ = S is upper triangular,

2. QBZ = T is upper triangular,

3. For each i, sii and tii are not both zero,

4. λ (B,A) =

{
tii
sii

: sii ̸= 0

}
,

5. The pairs (sii, tii) , i = 1, ..., n can be arranged in any order.

Proof. See Golub and van Loan (1996).
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